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Shape and size of the current head in creeping flows

B. M. Marino, L. P. Thomas, and R. Gratton
Instituto de Fı´sica Arroyo Seco, Facultad de Ciencias Exactas, Universidad Nacional del Centro, Pinto 399, 7000 Tandil, Argen

~Received 17 October 1996!

We investigate the shape and the size of the current head formed when a viscous liquid driven by gravity
spreads on a horizontal smooth substrate. A characteristic roll-shaped current head is observed during the
experiments, which evolves towards a wedgelike shape when the~decreasing! capillary number Ca goes below
the unity. The lower part of the advancing roll observed when Ca@1 may be described as half a cusped
entrance of the free liquid surface, centered on the spreading surface. The size of the roll structure during this
stage is proportional to the square of the front velocity which, in turn, is determined by the global dynamics of
the flow. @S1063-651X~97!10304-X#

PACS number~s!: 47.15.Gf, 47.10.1g
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I. INTRODUCTION

When a thick liquid layer spreads on a dry substrate
surface forces are small, the rim looks like an advancing
whose leading nose precedes the underlying contact
This work concerns the shape of this roll-like head in cre
ing flows, where also inertial forces are negligible. By defi
ing the capillary number Ca5rnuf /g and the Reynold num
ber Re5xfuf /n (n and r are the kinematic viscosity an
density of the liquid,g is the liquid-air surface tension,xf is
the extent of the current in the direction of the advance
front position, anduf5dxf /dt is the rate of advance of th
leading point!, the above conditions are expressed
Re!1 and Ca@1. In a previous work we studied large ax
symmetric spreadings of wetting liquids on a smooth s
strate@1#, which initially satisfied both conditions. After th
flow release, the silhouette of the head tends to an invar
roll-like shape~asymptotic shape!, whose size decreases a
cording to a simple power law dependence onuf . Because
of the constancy of the volume,uf and then Ca decreas
quickly as the flow proceeds. Whenxf takes a critical value
~corresponding to Ca'1.7), the profile changes drastically
a wedgelike shape. Since that work was mainly addresse
point out the existence of this transition and its effects on
global dynamics, a deeper study of the previous stage c
acterized by large Ca was not carried out. Furthermore,
current was observed laterally, so that the shape of the l
ing roll near the contact line and the position of this li
were affected by an uncertainty which made a precise
scription of the lower region of the head profile impossib
A numerical simulation of a pure gravitational creeping flo
in plane geometry, based on the contour elements met
led substantially to the same asymptotic roll-like shape of
current head@2#. Some works@3–6# concerning the value o
the dynamic contact angle show that it is close to 180°
Ca*1, in agreement with the above results. Neverthele
while there is a sound theoretical background on wed
shaped heads (Ca!1) @5,7–11#, there is a lack of analytica
models for the roll-shaped heads leading currents w
Ca@1.

On the other hand, the formation of cusped entran
where the free surface is sucked into the fluid has been
ported for a variety of Stokes flows. Known examples ar
551063-651X/97/55~4!/4296~6!/$10.00
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when a viscous liquid is forced to move by two paral
counterrotating cylinders, provided Ca.2.5 @12,13#, or in the
lowest end of an air drop rising in a liquid@14,15#. For zero
surface tension (Ca→`), Josephet al. @12# found a solution
by considering the velocity field near the cusp vertex a
small perturbation of a uniform stream parallel to the tang
at the cusp. Ifz is the distance between the free surface a
the plane of symmetry andj is the Cartesian coordinate o
thogonal to the cusp line in the same plane, measured f
the vertex, the contour of the cusp is given byz;j3/2 for
z!j. Jeong and Moffatt@13# solved a model problem relate
to the two-cylinder experiment by using complex analy
and conformal mapping techniques. For Ca finite, the so
tion is regular with a stagnation point at the cusp edge. Ho
ever, the radius of curvature,R, at this point is very small
when Ca is of the order of unity or greater. For Ca*1, the
free surface contour at distances larger thanR from the cusp
line is given byz5cj3/2, with c of the order of unity, and is
independent of surface tension. This law holds for Newto
ian and some special non-Newtonian liquids, and can
obtained on the basis of simple geometrical consid
ations@16#.

The object of the present paper is to provide an improv
experimental description of the asymptotic roll-shaped h
for plane viscous gravity currents with Ca.1. The results
substantiate that the lower region of the roll may be cons
ered as one-half of a cusped entrance edged by the co
line, whose plane of symmetry coincides with the spread
surface. We report measurements of the positions of the le
ing point of the currentxf(t) and of the contact linexcl(t),
and by an independent refractive profilometric technique
obtain both the liquid contourh(x) and its spatial derivative
]h/]x throughout the entire flow with high accuracy. W
observe the same asymptotic roll-like shape reported
Marino et al. @1# notwithstanding the different symmetrie
and initial configurations involved. However, thanks to t
improved experimental technique used, we are able to s
that the contour of the lower part of the roll is described
the curvez;j3/2, wherez is the height with respect to th
spreading surface andj is proportional tox2xcl . For the
regime studied, this suggests that the specific surface eff
associated with the spreading surface are negligible o
macroscopic scale, and therefore that the mathematical p
4296 © 1997 The American Physical Society
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FIG. 1. Experimental setup for measurin
xf(t) and xcl(t). The beam splitters bs1 and bs2
reflect about 16% and 50%, respectively. T
lensL forms the image of the spreading surfa
(z50) on the screen.
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lem for cusped entrances solved by Josephet al. @12# and
Jeong and Moffatt@13# seems quite adequate to model t
head of a creeping flow near the contact line. Finally,
investigate the limits of this asymptotic stage, which in o
case is restricted in time because Ca approaches unity a
spreadings proceed. In particular, the basis of the roll is p
gressively perturbed so that the entrance becomes less
nounced and the cusp analogy is no longer valid.

II. EXPERIMENTAL PROCEDURE

We prepare an experimental setup addressed to the s
of the leading zone of the current. The liquid is contained
a rectangular glass tray~width 0.30 m, length 0.10 m, heigh
0.10 m! which can rotate around a horizontal axis near
rear end; the large width to length ratio of the tray ensu
that the sidewalls do not affect the flow in the central reg
where, therefore, all the magnitudes are virtually indep
dent of the transverse coordinate. After cleaning carefully
spreading surface with hexane and alcohol, we tilt the tray
anglea with respect to the horizontal and introduce the l
uid. When the liquid surface becomes flat, we let the tray
to the horizontal position~determined by stops! and the ex-
periment starts. Initially (t50), the liquid forms a triangular
prism which covers a lengthx0 of the horizontal substrate
(h50) and is limited by a vertical rear wall atx50 with the
free surface inclined by the anglea respect to the horizonta
spreading surface. A remarkable property of this initial co
figuration is that the liquid edge remains at rest for a fin
time tw ~waiting time! before moving@17–20#; therefore, the
earlier times of the liquid spreading beyondx0 correspond to
a relatively advanced stage of the flow evolution, little a
fected by the release procedure. The spreading surfac
horizontal within 1024 rad. The fluid used is a silicone o
~polydimethylsiloxane! of high viscosity (n>103 cm2 s21,
r50.975 g cm23, refraction indexh51.4); departures from
a Newtonian behavior are not relevant for the shear rate
the experiments (<1 s21) @1,21,22#. The condition that in-
ertial forces be small (Re!1) limits the liquid volume
@1,20,23#. On the other hand, both the average thickn
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^h(t)& and x0 are limited from below by the condition
B5(x0 /a)

2@1 and^h/a&2@1 @whereB is the Bond num-
ber anda5(g/rg)1/2 is the capillary length#, which ensure
that the surface tension effects on the bulk are small and
there is a stage with Ca@1 @1,20,23#.

The height distribution is obtained by using an accur
profilometer, developed by Thomaset al. @24#. This tech-
nique provides the distributions of the coordinatex of the
surface and of the ]x/]h as function of h for
285°<u<85°, whereu is the angle formed by the norma
to the free surface and thex axis. The vanishing of]x/]h

FIG. 2. Sequence of the height profiles of the current
a550°, x051.783 cm, tw53.2 s, and t50.5tw , 0.75tw , tw ,
1.5tw , and 2tw . The dashed line corresponds to the initial profi
(t50).
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4298 55B. M. MARINO, L. P. THOMAS, AND R. GRATTON
gives the heighthf of the liquid atxf with an uncertainty less
than 1022 cm.

Simultaneously, we measurexf(t) andxcl(t) by using the
optical system depicted in Fig. 1. A parallel light beam~5 cm
diameter! impinges orthogonally from below on the tra

FIG. 3. Dimensionless height~a! and slope distributions~b! near
the front fora555° andx053.868 cm, fort51.3tw (h), t52tw
(s), t54tw (n), t58tw (¹), t512tw (L), t516tw (1), and
t520tw (* ). They show the evolution of the roll-shaped curre
head up to the asymptotic stage.
Thanks to the beam splitter bs2 and the lensL, we obtain an
image of the spreading surface formed by the backward
flected rays. The light reflected by the lower face of t
substrate is eliminated by adding a prism-shaped cell fil
with the same liquid used in the experiments. The be
splitter bs1, carefully oriented parallel to the spreading su
face, ensures a strong ('16%) backward reflection of the
rays which pass beyond the nose of the current. Theref
three well-defined regions with different luminosities appe
on the screen. Region 1, corresponding to the wetted par
the spreading surface, looks dark since the reflection is v
low there ('0.17%), and neither the liquid-air surface no
the beam splitter bs1 contribute to the image because ra
crossing the liquid are strongly deviated. Then, an interm
diate narrow region (2) follows; it corresponds to the part
the spreading surface not yet wetted just below the head
the current, where the main contribution is due to the lig
reflected at the dry upper face of the substrate ('4.3%).
Finally, a third zone~3! beyond the nose appears strong
illuminated because of the contribution of bs1. By means of a

FIG. 4. Comparison between one of the asymptotic head pro
of Fig. 3 (t58tw , thick line! and three asymptotic head profile
obtained during the axysimmetric spreading of 1504 cm3 of a
highly viscous PDMS.
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55 4299SHAPE AND SIZE OF THE CURRENT HEAD IN . . .
video camera, we record the image so obtained, supe
posed with the image of a calibrated scale convenie
placed behind bs2. After digitizing with a frame grabber and
processing by standard software, the positions of the bor
among the differently illuminated regions givexf and xcl
with an accuracy of about 531023 cm.

III. RESULTS

We carry out a series of experiments with different init
wedge angles (15°<a<70°, measured by a goniomete
with a 58 precision! and initial current lengths~1 cm
,x0,4 cm!. As reported separately@23#, we observe first a
redistribution of the fluid behind the front at rest. Att5tw
the slope of the free surface becomes vertical at the f
which starts to move while the current head develops a r
like form with a prominent nose overhanging the cont
line. As an example, a sequence of height distributio
across the whole flow is shown in Fig. 2. The gap in a sm
intermediate region (x'1.25 cm! is due to the fact that the
profilometric technique used gives an uncertainty grea
than 2% there@24#. From now on we shall refer only to th
leading region.

In all the experiments the current is headed by a roll-l
configuration since the beginning of the front motion. Fir
the shape of the roll changes considerably and its size
creases quickly up to a maximum; during this stage~not
studied here! the evolution of the characteristic parameters
the head and their relation with the rate of advance of
nose depend on the initial conditions. Then, forxf*1.6x0

FIG. 5. Log-log representation of the roll contours below t
nose for the same cases of Fig. 3 (7<Ca<19). The solid line is the
curvehf /xr5@(x2xcl)/xr #
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and provided that Ca is still considerably larger than un
this configuration asymptotes an invariant shape. This beh
ior is illustrated in Figs. 3~a! and 3~b! where we reproduce a
typical sequence of early head profiles and distributions
]x/]h scaled in terms of the heighthf of the leading point.
All these profiles correspond to high capillary numbe
(Ca.4.5). The trend towards an invariant shape is clea
seen specially in the curves of Fig. 3~b!. As we shall show
later, once the asymptotic shape is attained, the size of
roll is related to the rate of advance of the front and d
creases as the spreading progresses. In Fig. 4 we compa~in
units of the thickness just over the contact linehcl) one of the
asymptotic head profiles obtained in this work with thr
asymptotic head profiles for an axial viscous gravity curr
starting from a completely different initial condition@1#. The
later profiles were shifted in thex direction and superpose
by means of an appropriate scaling~some percent, the sam
for both axis!; this procedure is needed because the resp
tive contact line positions were not well determined~within
3%!. Clearly, the asymptotic shape is the same for b
cases, thus suggesting that it is independent of the flow s
metry and of the initial conditions. Figure 5 shows the e
perimental points corresponding to the parts of the profi
betweenxcl and xf for the advanced~asymptotic! cases of
Fig. 3. We observe that they follow the power la
h;(x2xcl)

3/2, even at distances of the order of 0.7xr from
the contact line, withxr5xf2xcl .

FIG. 6. Front velocity as function ofxr for the casesa555° and
x053.53 cm ~* !, a552.5° andx052.01 cm (h), a545° and
x051.91 cm (n), anda529.8° andx052.3 cm (s). In spite of
the considerable dispersion, due to the fact that the velocity is
tained from measurements of positions, the experimental point
well the line v f52.5xr

2 during the asymptotic stage. The ins
shows the qualitative behavior for the cases reported; the arr
indicate the time evolution.
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4300 55B. M. MARINO, L. P. THOMAS, AND R. GRATTON
It is interesting to analyze the evolution of the roll
terms of the geometric parametershf(t), xr(t), and the ve-
locitiesucl , uf ~see Fig. 6!. Just after the liquid front starts t
move,hf(t) andxr(t) increase quickly up to a well-define
maximum while uf is about constant anducl approaches
uf ; this moment may be considered as the beginning of
asymptotic stage, characterized by a slow decrease ofhf and
of xr , and by the approximate equality ofucl anduf . The
ratios hf /xr and hcl /xr take the constant values 1.7 an
4.06, respectively; the last value differs by only 1.5% fro
that obtained previously for axial spreadings@1#. On the
other hand,uf ~or ucl) is proportional toxr

2 ; we shall discuss
this result in Sec. IV. Finally,xf is proportional tot0.2 ~or
t0.125 for axial symmetry! according to a known result@1,25#
obtained by applying the lubrication approximation, whi
holds for the bulk of the flow but not in the leading regio
The behavior of the leading region continues on un
Ca'1, when the head profile starts to change to a wedge
head shape. As described previously@1#, the ratiohcl /xr ~and
hf /xr) increases whileuf slightly decreases. The profilome
ric technique allows to show clearly how this change beg
near the contact line~see Fig. 7!, in agreement with a de
crease of the contact angle to values considerably lower
180° when Ca is about the unity or less@3,6#.

IV. DISCUSSION AND CONCLUDING REMARKS

The previous results concerning the asymptotic stage
gest an interpretation based on a few simple assumption

FIG. 7. After a brief asymptotic evolution, the roll-shaped no
evolves to a wedgelike shape when Ca is near unity or less.
figure shows an enlarged view of the head contours near the co
line for the experiment witha555°, x051.753 cm.
e
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~a! The rate of advancev f of the front is determined by
the global dynamics, in turn governed by the lubrication a
proximation as far as the average liquid thickness is m
less thanxf and surface effects may be neglected in the b
(B@1).

~b! The size of the roll structure which leads the curren
determined by the front velocity.

~c! The lower region of the roll can be seen as half
cusped entrance in the free surface of a viscous fluid.

In fact, the global flow imposes a given velocity profi
near the front which is a boundary condition for the flow
the head. As the flow proceeds, the magnitude of the velo
changes but not the shape of the velocity profile. Thus
Re!1, the flow in the head region follows the magnitud
changes by adjusting only its size. A similar head sha
should be obtained if the same kind of velocity profile ne
the head would be imposed by moving the rear wall,
injecting fluid atx50, etc.

Item ~b! may be clarified by means of the followin
simple heuristic argument. In the leading region, the rate
the variation of the potential energy of the head is prop
tional to (rhfxr)guh , whereuh'uf is the vertical compo-
nent of the flow velocity athf . Then, as the potential energ
should be completely dissipated by viscosity,

rghfxruf5lrn
uf
2

hf
2hfxr , ~1!

wherel is a coefficient of proportionality. Then,

is
act

FIG. 8. Log-log representation of the roll contours below t
nose for the same cases of Fig. 7. Note the departures from
@(x2xcl)/xr #

3/2 law ~cusped entrances! for Ca<1.
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uf5l
g

n
hf
2 . ~2!

As in the asymptotic regimehf;xr , we also have
uf;xr

2 . According to Fig. 6,l50.18.
The contact angle is about 180° provided Ca.1 and the

flow is not macroscopically affected in the head region
the presence of the rigid spreading surface. Therefore,
theoretical analyses performed by Josephet al. @12# and
Jeong and Moffatt@13# are good approximations in th
neighborhood of the contact line. Thus,h/xr
5@(x2xcl)/xr #

3/2 and others characteristic features of t
flow may certainly be obtained from these solutions.

As Ca decreases below unity, the shape of the head~Fig.
7! displays a change, leading to an evolution towards
wedge-shaped profile. This evolution is qualitatively ana
gous to the change of the free surface shape in the ex
ments of rotating cylinders quoted in Sec. I. In the pres
id

.

id
y
he

a
-
ri-
t

experiments the change becomes appreciable for Ca'1.3,
which compares well with the values reported by Jose
et al. @12# for the disappearance of the cusp configuration
is interesting to note that the validity domain of the cu
analogy may be severely restricted according to the par
eters of a given experiment, as Fig. 8 shows. When
asymptotic shape is attained, the power lawh/xr
5@(x2xcl)/xr #

3/2 is approached, but it is soon perturbed
the decrease of Ca. Instead, in the experiment reporte
Fig. 5, Ca remains well above unity for a considerable tim
so that the asymptotic stage is well developed.

In summary, there exists an asymptotic stage dur
which the roll-like head of a viscous gravity current wi
Ca.1 exhibits an invariant shape, whose lower part may
considered as half a cusped entrance of the free surface.
result relates apparently different phenomena, such as
appearance of a 180° dynamic contact angle for visc
spreadings with Ca@1 and the formation of cusped en
trances in the free surface of Stokes flows.
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