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Shape and size of the current head in creeping flows
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We investigate the shape and the size of the current head formed when a viscous liquid driven by gravity
spreads on a horizontal smooth substrate. A characteristic roll-shaped current head is observed during the
experiments, which evolves towards a wedgelike shape whefd#oeeasingcapillary number Ca goes below
the unity. The lower part of the advancing roll observed whes>Camay be described as half a cusped
entrance of the free liquid surface, centered on the spreading surface. The size of the roll structure during this
stage is proportional to the square of the front velocity which, in turn, is determined by the global dynamics of
the flow.[S1063-651X97)10304-X

PACS numbds): 47.15.Gf, 47.10t+g

[. INTRODUCTION when a viscous liquid is forced to move by two parallel
counterrotating cylinders, provided €2.5[12,13, or in the
When a thick liquid layer spreads on a dry substrate andowest end of an air drop rising in a liqu[d4,15. For zero
surface forces are small, the rim looks like an advancing rolsurface tension (Ga~), Joseplet al.[12] found a solution
whose leading nose precedes the underlying contact linday considering the velocity field near the cusp vertex as a
This work concerns the shape of this roll-like head in creepsmall perturbation of a uniform stream parallel to the tangent
ing flows, where also inertial forces are negligible. By defin-at the cusp. I is the distance between the free surface and
ing the capillary number Gapvu; /vy and the Reynold num- the plane of symmetry anél is the Cartesian coordinate or-
ber Re=x:u;/v (v and p are the kinematic viscosity and thogonal to the cusp line in the same plane, measured from
density of the liquid,y is the liquid-air surface tensiom; is  the vertex, the contour of the cusp is given by &2 for
the extent of the current in the direction of the advance o <¢. Jeong and Moffatt13] solved a model problem related
front position andu;=dx;/dt is the rate of advance of the to the two-cylinder experiment by using complex analysis
leading point, the above conditions are expressed asand conformal mapping techniques. For Ca finite, the solu-
Re<1 and C& 1. In a previous work we studied large axi- tion is regular with a stagnation point at the cusp edge. How-
symmetric spreadings of wetting liquids on a smooth subever, the radius of curvatur®, at this point is very small
strate[1], which initially satisfied both conditions. After the when Ca is of the order of unity or greater. For=h, the
flow release, the silhouette of the head tends to an invariaritee surface contour at distances larger tRafiom the cusp
roll-like shape(asymptotic shapewhose size decreases ac- line is given by =c&¥? with ¢ of the order of unity, and is
cording to a simple power law dependencewgn Because independent of surface tension. This law holds for Newton-
of the constancy of the volumey; and then Ca decrease ian and some special non-Newtonian liquids, and can be
quickly as the flow proceeds. Whemn takes a critical value obtained on the basis of simple geometrical consider-
(corresponding to Cal.7), the profile changes drastically to ations[16].
a wedgelike shape. Since that work was mainly addressed to The object of the present paper is to provide an improved
point out the existence of this transition and its effects on thexperimental description of the asymptotic roll-shaped head
global dynamics, a deeper study of the previous stage chafer plane viscous gravity currents with Sd.. The results
acterized by large Ca was not carried out. Furthermore, theubstantiate that the lower region of the roll may be consid-
current was observed laterally, so that the shape of the lea@gred as one-half of a cusped entrance edged by the contact
ing roll near the contact line and the position of this line line, whose plane of symmetry coincides with the spreading
were affected by an uncertainty which made a precise desurface. We report measurements of the positions of the lead-
scription of the lower region of the head profile impossible.ing point of the currenk;(t) and of the contact line(t),
A numerical simulation of a pure gravitational creeping flow and by an independent refractive profilometric technique we
in plane geometry, based on the contour elements methodbtain both the liquid contoun(x) and its spatial derivative
led substantially to the same asymptotic roll-like shape of thedh/9x throughout the entire flow with high accuracy. We
current head2]. Some workg3-6] concerning the value of observe the same asymptotic roll-like shape reported by
the dynamic contact angle show that it is close to 180° foMarino et al. [1] notwithstanding the different symmetries
Cax=1, in agreement with the above results. Neverthelessand initial configurations involved. However, thanks to the
while there is a sound theoretical background on wedgeimproved experimental technique used, we are able to show
shaped heads (&al) [5,7-11, there is a lack of analytical that the contour of the lower part of the roll is described by
models for the roll-shaped heads leading currents whethe curvel~ &2 where( is the height with respect to the
Ca>1. spreading surface angl is proportional tox—xg. For the
On the other hand, the formation of cusped entrancesegime studied, this suggests that the specific surface effects
where the free surface is sucked into the fluid has been reassociated with the spreading surface are negligible on a
ported for a variety of Stokes flows. Known examples arisemacroscopic scale, and therefore that the mathematical prob-
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lem for cusped entrances solved by Joseplal. [12] and  (h(t)) and X, are limited from below by the conditions
Jeong and Moffatf13] seems quite adequate to model theB=(x,/a)?>1 and(h/a)?>1 [whereB is the Bond num-
head of a creeping flow near the contact line. Finally, weber anda=(y/pg)*? is the capillary length which ensure
investigate the limits of this asymptotic stage, which in ourthat the surface tension effects on the bulk are small and that
case is restricted in time because Ca approaches unity as ttieere is a stage with Gal [1,20,23.
spreadings proceed. In particular, the basis of the roll is pro- The height distribution is obtained by using an accurate
gressively perturbed so that the entrance becomes less prerofilometer, developed by Thomas al. [24]. This tech-
nounced and the cusp analogy is no longer valid. nique provides the distributions of the coordinatef the
surface and of thedx/dh as function of h for
—85°< §=<85°, whered is the angle formed by the normal
to the free surface and the axis. The vanishing ofx/dh

We prepare an experimental setup addressed to the study
of the leading zone of the current. The liquid is contained in
a rectangular glass trayvidth 0.30 m, length 0.10 m, height
0.10 m) which can rotate around a horizontal axis near the
rear end; the large width to length ratio of the tray ensures
that the sidewalls do not affect the flow in the central region
where, therefore, all the magnitudes are virtually indepen-
dent of the transverse coordinate. After cleaning carefully the
spreading surface with hexane and alcohol, we tilt the tray an 1.54
anglea with respect to the horizontal and introduce the lig-
uid. When the liquid surface becomes flat, we let the tray fall
to the horizontal positioridetermined by stopsand the ex-
periment starts. Initially (= 0), the liquid forms a triangular
prism which covers a lengtk, of the horizontal substrate
(h=0) and is limited by a vertical rear wall &&= 0 with the
free surface inclined by the angterespect to the horizontal
spreading surface. A remarkable property of this initial con-
figuration is that the liquid edge remains at rest for a finite 0.5
time t,, (waiting time before movind17-2Q; therefore, the
earlier times of the liquid spreading beyorglcorrespond to
a relatively advanced stage of the flow evolution, little af-

II. EXPERIMENTAL PROCEDURE

h (cm)
1

fected by the release procedure. The spreading surface is 0.0 ——
horizontal within 10“ rad. The fluid used is a silicone oil 0.0 0.5 1.0
(polydimethylsiloxang of high viscosity ¢=10* cm?s™ 2, x (cm)

p=0.975 g cm 3, refraction indexy=1.4); departures from

a Newtonian behavior are not relevant for the shear rates of F|G. 2. Sequence of the height profiles of the current for
the experiments€1 s~ ') [1,21,22. The condition that in-  4=50°, x,=1.783 cm,t,=3.2 s, andt=0.5,, 0.7%,, t,,
ertial forces be small (Rel) limits the liquid volume 1.5, and 2,,. The dashed line corresponds to the initial profile
[1,20,23. On the other hand, both the average thicknesgt=0).
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FIG. 3. Dimensionless heigka) and slope distribution&) near
the front for «=55° andx,=3.868 cm, fort=1.3,, (OJ), t=2t,,
(0), t=4t, (L), t=8t, (V), t=12, (¢), t=16tw (+), and
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FIG. 4. Comparison between one of the asymptotic head profile
of Fig. 3 (t=8t,,, thick line) and three asymptotic head profiles
obtained during the axysimmetric spreading of 15043caf a
highly viscous PDMS.

Thanks to the beam splitter pand the lend., we obtain an
image of the spreading surface formed by the backward re-
flected rays. The light reflected by the lower face of the
substrate is eliminated by adding a prism-shaped cell filled
with the same liquid used in the experiments. The beam
splitter bs, carefully oriented parallel to the spreading sur-
face, ensures a strong=(L6%) backward reflection of the
rays which pass beyond the nose of the current. Therefore,
three well-defined regions with different luminosities appear
on the screen. Region 1, corresponding to the wetted part of
the spreading surface, looks dark since the reflection is very
low there =0.17%), and neither the liquid-air surface nor

t=20t,, (*). They show the evolution of the roll-shaped current the beam splitter hscontribute to the image because rays

head up to the asymptotic stage.

gives the heighb; of the liquid atx; with an uncertainty less
than 102 cm.

Simultaneously, we measuxg(t) andxg(t) by using the
optical system depicted in Fig. 1. A parallel light be@rcm

crossing the liquid are strongly deviated. Then, an interme-
diate narrow region (2) follows; it corresponds to the part of
the spreading surface not yet wetted just below the head of
the current, where the main contribution is due to the light
reflected at the dry upper face of the substrate4(3%).
Finally, a third zone(3) beyond the nose appears strongly

diametey impinges orthogonally from below on the tray. illuminated because of the contribution of,bBy means of a



55 SHAPE AND SIZE OF THE CURRENT HEADN . .. 4299

3 : e 0.1+

0.014

hix, ] ]
u; (cm/s)

1

0.1 )
0.001 —— —
0.03 : SE—— 0.01 0.1 0.3

0.1 1 x, (cm)
(X - X)X,

FIG. 6. Front velocity as function of; for the casesr=55° and

FIG. 5. Log-log representation of the roll contours below theXo=3-23 ¢m (*), @=52.5° andx,=2.01 cm (), «=45° and

nose for the same cases of Fig. 3Ca<19). The solid line is the x0=1.91_cm @), a.nda=.29.8° andxp=2.3 cm (). In spit_e O.f
curvehy /x, =[ (x—xg) /%, ]¥2 the considerable dispersion, due to the fact that the velocity is ob-
r Cl r .

tained from measurements of positions, the experimental points fit
video camera, we record the image so obtained, su erimV\-'e” the line v;=2.5¢ during the asymptotic stage. The inset

. P 1ag » Sup shows the qualitative behavior for the cases reported; the arrows
posed with the image of a calibrated scale convemently{ . : .

. s . ndicate the time evolution.

placed behind bs After digitizing with a frame grabber and
processing by standard software, the positions of the bordeend provided that Ca is still considerably larger than unity,
among the differently illuminated regions give and xy  this configuration asymptotes an invariant shape. This behav-

with an accuracy of about>810™ 3 cm. ior is illustrated in Figs. &) and 3b) where we reproduce a
typical sequence of early head profiles and distributions of
. RESULTS axloh scaled in terms of the height; of the leading point.

All these profiles correspond to high capillary numbers

We carry out a series of experiments with different initial (Ca>4.5). The trend towards an invariant shape is clearly
wedge angles (152 a=<70°, measured by a goniometer seen specially in the curves of Fig(b3 As we shall show
with a 5 precision and initial current lengths(1 cm later, once the asymptotic shape is attained, the size of the
<Xp<4 cm). As reported separate[23], we observe first a roll is related to the rate of advance of the front and de-
redistribution of the fluid behind the front at rest. &&t,  creases as the spreading progresses. In Fig. 4 we coffipare
the slope of the free surface becomes vertical at the frontinits of the thickness just over the contact Img one of the
which starts to move while the current head develops a rollasymptotic head profiles obtained in this work with three
like form with a prominent nose overhanging the contactasymptotic head profiles for an axial viscous gravity current
line. As an example, a sequence of height distributionstarting from a completely different initial conditida]. The
across the whole flow is shown in Fig. 2. The gap in a smallater profiles were shifted in the direction and superposed
intermediate regionx~1.25 cn) is due to the fact that the by means of an appropriate scalifgpme percent, the same
profilometric technique used gives an uncertainty greatefor both axig; this procedure is needed because the respec-
than 2% therg24]. From now on we shall refer only to the tive contact line positions were not well determin@dthin
leading region. 3%). Clearly, the asymptotic shape is the same for both

In all the experiments the current is headed by a roll-likecases, thus suggesting that it is independent of the flow sym-
configuration since the beginning of the front motion. First,metry and of the initial conditions. Figure 5 shows the ex-
the shape of the roll changes considerably and its size inperimental points corresponding to the parts of the profiles
creases quickly up to a maximum; during this stdget  betweenx, and x; for the advancedasymptoti¢ cases of
studied hergthe evolution of the characteristic parameters ofFig. 3. We observe that they follow the power law
the head and their relation with the rate of advance of thér~ (x—x)%? even at distances of the order of .%rom
nose depend on the initial conditions. Then, g 1.6X,  the contact line, withk, = X; — X .
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FIG. 8. Log-log representation of the roll contours below the

FIG. 7. After a brief asymptotic evolution, the roll-shaped NOSe . <o for the same cases of Fig. 7. Note the departures from the
evolves to a wedgelike shape when Ca is near unity or less. Thii(tx_x )/%. 12 law (cusped entrancpgor Ca=<1
Cl r "

figure shows an enlarged view of the head contours near the conta

line for the experiment withe=55°, X,=1.753 cm. . .
(a) The rate of advance; of the front is determined by

It is interesting to analyze the evolution of the roll in the global dynamics, in turn governed by the lubrication ap-
terms of the geometric parametdrgt), x,(t), and the ve- proximation as far as the average liquid thickness is much
locitiesuy, us (see Fig. &. Just after the liquid front starts to less tharx; and surface effects may be neglected in the bulk
move, h¢(t) andx,(t) increase quickly up to a well-defined (B>1).

maximum while u; is about constant and approaches (b) The size of the roll structure which leads the current is
us; this moment may be considered as the beginning of théletermined by the front velocity.
asymptotic stage, characterized by a slow decreabe and (c) The lower region of the roll can be seen as half a

of x,, and by the approximate equality aof; andu;. The  cusped entrance in the free surface of a viscous fluid.

ratios h;/x, and hy/x, take the constant values 1.7 and In fact, the global flow imposes a given velocity profile
4.06, respectively; the last value differs by only 1.5% fromnear the front which is a boundary condition for the flow in
that obtained previously for axial spreadinfl]. On the the head. As the flow proceeds, the magn_itude o_f the velocity
other handu; (or ug) is proportional tax? ; we shall discuss changes but not the shape of the velocity profile. Thus, as
this result in Sec. IV. Finallyx; is proportional tot®2 (or ~ Re<1, the flow in the head region follows the magnitude
t0125¢or axial symmetry according to a known resylt,25] changes by ao_ljustlr_lg only its size. A S|m|If_;1r heaq shape
obtained by applying the lubrication approximation, which should be obtained |f_ the same kind o_f velocity profile near
holds for the bulk of the flow but not in the leading region. the head would be imposed by moving the rear wall, by
The behavior of the leading region continues on untiliniecting fluid atx=0, etc. _
Ca~1, when the head profile starts to change to a wedgelike. !tem (b) may be clarified by means of the following
head shape. As described previoudl, the ratiohy/x, (and simple .he_urlstlc argument.. In the leading region, t_he rate of
h; /x,) increases while:; slightly decreases. The profilomet- the variation of the potential energy of the head is propor-
ric technique allows to show clearly how this change begindiona@l o (phyx;)guy, whereu,~uy is the vertical compo-
near the contact linésee Fig. 7, in agreement with a de- nent of the flow velocny_ah_f. Then, as the potentlal energy
crease of the contact angle to values considerably lower thatould be completely dissipated by viscosity,

180° when Ca is about the unity or les6]. ,

Ug
IV. DISCUSSION AND CONCLUDING REMARKS Pghfxruf:kp”h_ghfxr : @

The previous results concerning the asymptotic stage sug-
gest an interpretation based on a few simple assumptions. where\is a coefficient of proportionality. Then,
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experiments the change becomes appreciable fee 1C3
which compares well with the values reported by Joseph
et al.[12] for the disappearance of the cusp configuration. It
is interesting to note that the validity domain of the cusp
As in the asymptotic regimeéhs~X,, we also have analogy may be severely restricted according to the param-
us~x2. According to Fig. 6\ =0.18. eters of a given experiment, as Fig. 8 shows. When the
The contact angle is about 180° provided>Chand the asymptotic shape is attained, the power lalwx;
flow is not macroscopically affected in the head region by=[(x—xc|)/xr]3’2 is approached, but it is soon perturbed by
the presence of the rigid spreading surface. Therefore, thidae decrease of Ca. Instead, in the experiment reported in
theoretical analyses performed by Josegthal. [12] and  Fig. 5, Ca remains well above unity for a considerable time,
Jeong and Moffat{13] are good approximations in the so that the asymptotic stage is well developed.

g

_y 3,2

neighborhood of the contact line. Thus,h/x, In summary, there exists an asymptotic stage during
=[(x—xg)/x;]¥? and others characteristic features of thewhich the roll-like head of a viscous gravity current with
flow may certainly be obtained from these solutions. Ca>1 exhibits an invariant shape, whose lower part may be

As Ca decreases below unity, the shape of the fEmd  considered as half a cusped entrance of the free surface. This
7) displays a change, leading to an evolution towards aesult relates apparently different phenomena, such as the
wedge-shaped profile. This evolution is qualitatively analo-appearance of a 180° dynamic contact angle for viscous
gous to the change of the free surface shape in the expespreadings with Cal and the formation of cusped en-
ments of rotating cylinders quoted in Sec. I. In the presentrances in the free surface of Stokes flows.
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